Cyclic and elementary abelian caps in projective spaces  by Cossidente, A. & Storme, L.
Discrete Mathematics 208/209 (1999) 139{156
www.elsevier.com/locate/disc
Cyclic and elementary abelian caps in projective spaces
A. Cossidentea, L. Stormeb;
aDipartimento di Matematica, Universita della Basilicata, Via N. Sauro 85, I-85100 Potenza, Italy
bDepartment of Pure Mathematics and Computer Algebra, University of Gent, Galglaan 2,
9000 Gent, Belgium
Received 5 March 1997; revised 7 April 1998; accepted 27 April 1998
Dedicated to the memory of G. Tallini
Abstract
This article presents cyclic and elementary abelian caps in projective spaces. Dierent classes
of groups all yielding an innite class of caps are presented. The link with pseudo-cyclic codes
is discussed, and we show that a result by Boros and Sz}onyi in PG(2; q2) can be extended to
PG(2n; q2) for proving that the (q2n+1 + 1)=(q+ 1)-caps in PG(2n; q2) constructed by Ebert and
Kestenband are equivalent. c© 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let PG(N; q) be the projective space of dimension N over the nite eld Fq of
order q.
An n-cap K in PG(N; q) is a set of n points, no three of which are collinear. An
n-cap of PG(2; q) is also called an n-arc [9, p. 285], and an n-cap of PG(N; q) is called
complete if it is not contained in an (n+ 1)-cap of PG(N; q).
The maximum value of n for which there exists an n-cap in PG(N; q) is denoted
by m2(N; q) [9, p. 285]. This number m2(N; q) is only known, for arbitrary q, when
N 2f2; 3g. Namely, m2(2; q) = q + 1 if q is odd, m2(2; q) = q + 2 if q is even, and
m2(3; q) = q2 + 1; q> 2.
With respect to the other values of m2(N; q), apart from m2(n; 2)=2n, m2(4; 3)=20,
m2(5; 3) = 56 [9, p. 285] and m2(4; 4) = 41 [5], only upper bounds are known.
Finding the exact value for m2(N; q); N>4, and constructing an m2(N; q)-cap is a
very hard problem. Dierent methods have been used to nd examples of caps. Some
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authors looked at caps contained in quadrics or Hermitian varieties. Other people used
cyclic groups having caps as orbits. Also a coding-theoretic approach has been used.
In [4], Ebert constructed cyclic (qn + 1)-caps in PG(2n − 1; q), n even, and cyclic
(q2n+1+1)=(q+1)-caps in PG(2n; q2). In [2], Cossidente and Storme proved that these
(qn+1)-caps are the intersection of n− 1 linearly independent elliptic quadrics E2n−1;q
and that these (q2n+1 + 1)=(q+ 1)-caps are the intersection of 2n linearly independent
Hermitian varieties.
The question arises whether cyclic caps exist contained in the intersection of
parabolic quadrics or hyperbolic quadrics, or in the intersection of Hermitian varieties in
PG(2n − 1; q2). A rst answer was given in [3] where cyclic (qn  1)-caps in the
intersection of parabolic quadrics were constructed.
This article presents two classes of cyclic caps in the intersection of elliptic quadrics,
and one class of cyclic caps in the intersection of hyperbolic quadrics; solving in this
way the presented problem for the quadrics.
We also present three classes of caps which are contained in quadrics and which are
orbits of elementary abelian groups.
In a separate section, we discuss the relation of the cyclic (q2n+1 + 1)=(q+ 1)-caps
in PG(2n; q2) by Ebert [4] to the (q2n+1+1)=(q+1)-caps in PG(2n; q2) by Kestenband
[12]. Until now, the equivalence of the two constructions was only proved for n = 1
by Boros and Sz}onyi [1]. We show that, by using a recent result on self-dual normal
bases, their proof can be generalized to arbitrary n, thereby showing the equivalence
of the constructions by Ebert and Kestenband.
2. Cyclic caps and pseudo-cyclic codes
A linear [n; k; d] code C over Fq is a k-dimensional subspace of the n-dimensional
vector space V (n; q). The minimum distance d of the code is the smallest number of
positions in which two dierent elements of C dier. Equivalently, d is the smallest
number of non-zero symbols in any non-zero vector of C.
A generator matrix G of a linear [n; k; d] code C is a k  n matrix whose rows
form a basis of C.
For u = (u1; : : : ; un) and v = (v1; : : : ; vn), let u  v =
Pn
i=1 uivi be the standard scalar
product of u and v. The dual code C? of an [n; k; d] code C is C? = fv2V (n; q)k
v  u= 0; 8u2Cg. This is an [n; n− k; d0] code and an (n− k) n generator matrix H
of C? is called a parity check matrix of C.
The fundamental theorem of coding theory states that d is the minimum distance of
a linear [n; k] code C if and only if every d− 1 columns in a parity check matrix H
of C are linearly independent, but some d columns are linearly dependent.
As the columns fh1; : : : ; hng of a parity check matrix H=(h1    hn) of a linear [n; k]
code C dene n points of PG(n− k − 1; q), this implies that if d>4, then no three of
h1; : : : ; hn are linearly dependent. Hence they constitute an n-cap in PG(n− k − 1; q).
This oers a link between [n; k; d>4] codes and n-caps in PG(n− k − 1; q).
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Let  be a xed non-zero element of Fq. A code C is called -cyclic if (x1; : : : ; xn)2C
implies (xn; x1; : : : ; xn−1)2C. A code is called pseudo-cyclic (or semi-cyclic) if C is
-cyclic for some 2 Fqnf0g= Fq . The 1-cyclic codes are simply called cyclic codes.
To describe these pseudo-cyclic codes C, associate the vector c= (c0; : : : ; cn−1)2C
with the polynomial c(X ) =
Pn−1
i=0 ciX
i. This leads to the following characterization of
these pseudo-cyclic codes.
Theorem 1 (Maruta [14]). An -cyclic [n; k; d] code C corresponds to a non-zero ideal
of Fq[X ]=(X n − ). That is; there exists a unique monic polynomial g(X ) of minimal
degree in C satisfying:
(1) C = hg(X )i; that is; g(X ) is the generator polynomial of C;
(2) g(X ) is a factor of X n − ;
(3) Any c(X )2C can be written uniquely as c(X ) = f(X )g(X ) in Fq[X ]; where
f(X )2 Fq[X ] has degree smaller than k. The degree of g(X ) is equal to n− k;
(4) The dual code of C is −1-cyclic. Moreover C? = hX kh(1=X )i with X n −  =
g(X )h(X ).
Theorem 2 (Maruta [14]). (1) Let C be an [n; n − k; d]-code over Fq. Then C is
-cyclic if and only if C has a parity check matrix [Pt ; (PT )t ; : : : ; (PTn−1)t]; with
P 2 Fkqnf(0; : : : ; 0)g and T 2GL(k; q) such that PTn = P; where Pt is the transpose
of P.
(2) Let g(X ) be a polynomial of degree k in Fq[X ] dividing X n − . Then C is an
-cyclic [n; n− k; d] code over Fq with generator polynomial g(X ) if and only if C is
a code with parity check matrix [Pt ; (PT )t ; : : : ; (PTn−1)t]; where P = (1; 0; : : : ; 0) and
where T is the companion matrix of g(X ); that is;
T =
0
BBBBB@
0 1 0 0    0 0
0 0 1 0    0 0
...
...    . . . . . . . . .   
0 0 0 0    0 1
−a0 −a1 −a2 −a3       −ak−1
1
CCCCCA
;
with g(X ) =
Pk
i=0 aiX
i; and with ak = 1. So (−1)kg() = det(T − Ik).
3. Cyclic caps on quadrics
In [4], Ebert constructed cyclic (qn + 1)-caps in PG(2n− 1; q), n even. These caps
are the orbits of a cyclic subgroup H of order qn + 1 of a cyclic Singer group G of
PG(2n− 1; q). In other words, H is a subgroup of a cyclic group G acting transitively
on PG(2n− 1; q).
In [2], Cossidente and Storme proved that these caps are the intersection of n − 1
linearly independent elliptic quadrics of PG(2n− 1; q). Hence, Ebert constructed cyclic
caps which are the intersection of quadrics.
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This led Cossidente and Storme [3] to the construction of two innite classes of
(qn  1)-caps in PG(2n; q) which are contained in the intersection of n linearly inde-
pendent parabolic quadrics.
For this construction, they used a description of PG(2n; q) inspired by Singer [16].
We briey repeat these descriptions for the caps constructed by Ebert, and for the caps
constructed by Cossidente and Storme.
These ideas will then be used in the next section to construct three new innite
classes of cyclic caps and three new innite classes of elementary abelian caps. For
the cyclic caps, also the generator polynomials of the corresponding pseudo-cyclic
codes are given.
3.1. Cyclic caps by Ebert
Represent PG(2n − 1; q) by Fq2n (mod Fq) [7, p. 77]. This means that the points of
PG(2n−1; q) are the non-zero elements of Fq2n . The point of PG(2n−1; q) represented
by x2 Fq2n=Fq2nnf0g is denoted by (x). Two elements x and y of Fq2n dene the same
point of PG(2n− 1; q) if and only if x=y2 Fq.
The line passing through two points (x1); (x2) of PG(2n − 1; q) is the set of
points f(1x1 + 2x2)k(1; 2)2 F2qnf(0; 0)gg; the plane passing through three non-
collinear points (x1); (x2); (x3) is f(1x1 +2x2 +3x3)k(1; 2; 3)2 F3qnf(0; 0; 0)gg; : : : ;
the hyperplane passing through 2n − 1 linearly independent points (x1); : : : ; (x2n−1) is
f(1x1 +   + 2n−1x2n−1)k(1; : : : ; 2n−1)2 F2n−1q nf(0; : : : ; 0)gg.
By using the following result by Seroussi and Lempel [15], a very useful description
of the hyperplanes is obtained. Let TrFqm =Fq : Fqm ! Fq : x 7!
Pm−1
i=0 x
qi be the trace
function from Fqm to Fq.
Theorem 3. The m-dimensional vector space Fqm over Fq has a trace-orthogonal basis
B= fb1; : : : ; bmg over Fq; that is; TrFqm =Fq(bibj) = 0 for i 6= j.
The existence of such a trace-orthogonal basis B for Fq2n over Fq implies that two
sets [u1]; [u2], where u1; u2 2 Fq2n and where [u]=fx2 Fq2nkTrFq2n =Fq(u x)=0g, coincide
if and only if u1=u2 2 Fq . Hence these sets [u], which are linear over Fq, constitute all
the hyperplanes of PG(2n− 1; q).
Using this description, the mapping S : (x) 7! (x), x2 Fq2n ,  a primitive element
of Fq2n , is a Singer-cycle, that is, a transformation acting transitively on PG(2n− 1; q).
Let = S(q
n−1)=(q−1) : (x) 7! ((qn−1)=(q−1)x).
Theorem 4 (Cossidente and Storme [2], Ebert [4]). (i) An orbit; of size qn + 1; un-
der hi is the intersection of n − 1 linearly independent non-singular elliptic
quadrics Qa1 ; : : : ; Qan−1 ; a1; : : : ; an−1 2 Fqnnf0g; where Qa = f(x)2PG(2n − 1; q)k
TrFqn =Fq(ax
qn+1) = 0g.
(ii) An orbit; of size qn + 1; under hi; is a (qn + 1)-cap of PG(2n− 1; q); n even.
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3.2. Cyclic (qn  1) -caps in PG(2n; q)
Let PG(2n; q) = Fq2nFq (mod Fq). This means that a point is a 2-tuple (x; y)2 (Fq2n
Fq)nf(0; 0)g and two points (x1; y1); (x2; y2) coincide if and only if (x2; y2)=(x1; y1),
for some 2 Fq . By using Theorem 3, the sets [u; v] = f(x; y)2 (Fq2n  Fq) (mod Fq)
kTrFq2n =Fq(ux) + vy = 0g; (u; v)2 (Fq2n  Fq)nf(0; 0)g, constitute all the hyperplanes of
PG(2n; q).
Lemma 5 (Cossidente and Storme [3]). The set Qa;b = f(x; y)2 (Fq2n  Fq) (mod Fq)k
TrFqn =Fq(ax
qn+1) + by2 = 0g; a2 Fqn ; b2 Fq; (a; b) 6= (0; 0); is:
(1) a non-singular parabolic quadric of PG(2n; q) when a; b are non-zero;
(2) a quadratic cone with the point (0; 1) as vertex; and with a non-singular elliptic
quadric in the hyperplane Y = 0 as base when b= 0;
(3) the hyperplane Y = 0; counted with multiplicity two; when a= 0.
Theorem 6 (Cossidente and Storme [3]). Let Qa1 ;b1 ; : : : ; Qan;bn be n linearly indepen-
dent quadrics such that not all bi are zero; and such that the quadric Q0;1 is not
linearly dependent on Qa1 ;b1 ; : : : ; Qan;bn .
Then
Tn
i=1 Qai;bi is a cyclic (q
n + 1)-cap of PG(2n; q).
Proof. See [3, Theorems 2:4{2:6]. To describe the cyclic groups acting transitively onTn
i=1 Qai;bi , let  be a primitive element of Fq2n , and let != (q
2n−1)=(q−1).
If q is even, or q and n are odd, dening S : (x; y) 7! (2(qn−1)=(q−1)x; !y), and if
q is odd, n even, then dening S : (x; y) 7! (2(qn−1)=(q−1)x;−!y), gives cyclic groups
of order qn + 1 acting transitively on
Tn
i=1 Qai;bi .
Describe PG(2n; q)= Fqn  Fqn  Fq (mod Fq). Then a point is a 3-tuple (x; y; z)2
(Fqn  Fqn  Fq)nf(0; 0; 0)g, and (x1; y1; z1); (x2; y2; z2) dene the same projective point
if and only if (x2; y2; z2) = (x1; y1; z1), 2 Fq . By Theorem 3, the hyperplanes of
PG(2n; q) are the sets [u; v; w] = f(x; y; z)2 (Fqn  Fqn  Fq) (mod Fq)kTrFqn =Fq(ux +
vy) + wz = 0g; with u; v2 Fqn , w2 Fq, (u; v; w) 6= (0; 0; 0), and [u1; v1; w1] = [u2; v2; w2]
if and only if (u2; v2; w2) = (u1; v1; w1), 2 Fqnf0g= Fq .
Lemma 7 (Cossidente and Storme [3]). In PG(2n; q); Qa;b = f(x; y; z)2 (Fqn  Fqn 
Fq) (mod Fq)kTrFqn =Fq(axy) + bz2 = 0g; with a2 Fqn ; b2 Fq; (a; b) 6= (0; 0); is:
(1) a non-singular parabolic quadric if a; b 6= 0;
(2) the hyperplane Z = 0 counted with multiplicity two when a= 0;
(3) a quadratic cone with vertex (0; 0; 1) and with base a non-singular hyperbolic
quadric in Z = 0 when b= 0.
Theorem 8 (Cossidente and Storme [3]). Let Qa1 ;b1 ; : : : ; Qan;bn be n linearly indepen-
dent quadrics so that not all bi are zero; and so that the quadric Q0;1 is not linearly
dependent on Qa1 ;b1 ; : : : ; Qan;bn .
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Then these quadrics intersect in Z=Y =0; in Z=X =0; and in a cyclic (qn−1)-cap
stabilized by hSi with S : (x; y; z) 7! (x; y=; z);  a primitive element of Fqn .
3.3. Two more classes including the elliptic quadric-cap
3.3.1. Introduction
Let Q be an elliptic quadric in PG(3; q). Let r1; r2 be two distinct points of Q.
Then there is a cyclic group G of order q2 − 1 xing r1; r2, and acting transitively on
Qnfr1; r2g. This group G has the additional property of xing the polar line L of r1r2
with respect to Q. This polar line L is skew to Q; so intersects Q in an elliptic quadric
on a line.
To embed this cyclic (q2−1)-cap into an innite class of caps, describe PG(2n+1; q)
by (Fq2n  Fq  Fq) (mod Fq). Hence, a point is a 3-tuple (x; y; z)2 (Fq2n  Fq  Fq).
The line L : X = 0 will be the line containing the two xed points r1 = (0; 1; 0)
and r2 = (0; 0; 1). The (2n − 1)-dimensional polar space of L with respect to the
quadrics will be  : Y =Z =0. Since we want  to intersect these quadrics in elliptic
quadrics, we assume that  intersects these quadrics in elliptic quadrics as described in
Theorem 4.
The hyperplanes of PG(2n + 1; q) are the sets [u; v; w] = f(x; y; z)2 (Fq2n  Fq 
Fq) (mod Fq)kTrFq2n =Fq(ux)+ vy+wz=0g; with u2 Fq2n , v; w2 Fq, (u; v; w) 6= (0; 0; 0),
and [u1; v1; w1] = [u2; v2; w2] if and only if (u2; v2; w2) = (u1; v1; w1), 2 Fq .
Lemma 9 (Cossidente and Storme [3]). The set Qa;b = f(x; y; z)2 (Fq2n  Fq  Fq)
(mod Fq)kTrFqn =Fq(axq
n+1) + byz = 0g; with a2 Fqn ; b2 Fq; (a; b) 6= (0; 0); is:
(1) a non-singular elliptic quadric if a; b 6= 0;
(2) the hyperplanes Y = 0 and Z = 0 when a= 0;
(3) a quadratic cone with vertex the line X = 0 and with base the non-singular
elliptic quadric Qa = f(x)2 Fq2n (mod Fq)kTrFqn =Fq(axq
n+1) = 0g in Y = Z = 0 when
b= 0.
Theorem 10. Let Qa1 ;b1 ; : : : ; Qan;bn be n linearly independent quadrics so that not all
bi are zero; and so that the quadric Q0;1 is not linearly dependent on Qa1 ;b1 ; : : : ; Qan;bn .
Then these quadrics intersect in a ((qn + 1)(q− 1) + 2)-cap consisting of (0; 1; 0);
(0; 0; 1); and a cyclic (qn + 1)(q− 1)-cap.
Proof. To prove this, the arguments of [3] can be used. To describe the cyclic group,
let ! be a primitive element of Fq2n and let  = !(q
n−1)=(q−1),  = q
n+1. The map-
ping  : (x; y; z) 7! (x; y; z) is of order (qn + 1)(q − 1), xes all quadrics Qa;b,
and the orbits of the points (x0; y0; 1); x0; y0 6= 0, all are (qn + 1)(q − 1)-caps. For
assume (x0; y0; 1); (x0i; y0i; 1); (x0j; y0j; 1) are collinear. By applying the map-
ping (x; y; z) 7! (x=x0; y=y0; z), we can assume that (1; 1; 1); (i; i; 1); (j; j; 1) are
collinear.
We split up the proof into two parts.
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Part 1. If (1; 0; 0); (i; 0; 0); (j; 0; 0) dene the same point, then (qn + 1)ji be-
cause q
n+1 =  is a primitive element of Fq. Let i = i0(qn + 1), then (i; i; 1) =
(i
0(qn+1); i
0(qn+1); 1) = (i
0
; 2i
0
; 1) since 2 Fq. So the points (1; 1; 1); (i0 ; 2i0 ; 1);
(j
0
; 2j
0
; 1); j = j0(qn + 1), lie in h(1; 0; 0); (0; 1; 0); (0; 0; 1)i. In this plane, they are
three points of a conic; so they are not collinear.
Part 2. Suppose (1; 0; 0); (i; 0; 0); (j; 0; 0) do not dene the same point. If n is
even, then f(i)ki = 0; : : : ; qng denes a cyclic (qn + 1)-cap in PG(2n − 1; q)
(Theorem 4). So no three of this set are collinear; so neither the corresponding points
(1; 1; 1); (i; i; 1); (j; j; 1) are collinear.
If n is odd, then f(i)ki = 0; : : : ; qng denes a union of (qn + 1)=(q + 1) lines in
PG(2n − 1; q) [2, Theorem 3:8]. If (1; 1; 1); (i; i; 1); (j; j; 1) are collinear, then
also (1); (i); (j) are collinear; hence (qn + 1)=(q+ 1) divides i [2, Theorem 3:8]; so
i;  j 2 Fq2 . Then all points linearly dependent on (1; 1; 1); (i; i; 1); (j; j; 1); (0; 1; 0);
(0; 0; 1) have coordinates in Fq2 . So we can continue the argument in Fq2 , assume n=1
and assume that we are working in Fq2  Fq  Fq = PG(3; q).
In PG(3; q); jhij= q2− 1 and for n=1, Qa;b is an elliptic quadric xed by a cyclic
group of order q2−1. So the orbit of (1; 1; 1) is a (q2−1)-cap contained in an elliptic
quadric Qa;b. So no three of (1; 1; 1); (i; i; 1); (j; j; 1) can be collinear.
Using arguments similar to the previously used arguments, it is shown that (0; 1; 0);
(0; 0; 1) extend this cap to a ((qn + 1)(q− 1) + 2)-cap.
Using the arguments of [3,12], i linearly independent quadrics Qaj; bj , with not all
bj equal to zero and with Q0;1 linearly independent on these quadrics, intersect in
(q2n+2−i − 2qn+1 + qn + qn+2−i − 1)=(q− 1) points. Hence when i = n, these quadrics
intersect in (qn + 1)(q− 1) + 2 points.
The points (0; 1; 0) and (0; 0; 1) trivially belong to this intersection. There also be-
longs a point (x0; y0; 1), with x0; y0 6= 0, to this intersection. For, suppose a point
(x0; 0; 1); (x0; 1; 0) or (x0; 0; 0) belongs to this intersection. Since the quadric Q0;1 is
linearly independent on the quadrics Qa1 ; b1 ; : : : ; Qan;bn , the elements a1; : : : ; an must
be linearly independent elements of Fqn . Hence, the only value x0 that can satisfy
TrFqn =Fq(aix
qn+1
0 )=0, i=1; : : : ; n, is x0 =0. So, no point (x0; 1; 0); (x0; 0; 1) or (x0; 0; 0),
with x0 6= 0, can belong to this intersection.
So, if a point (x0; y0; z0), dierent from (0; 1; 0) and from (0; 0; 1), belongs to the
intersection of the quadrics, necessarily x0 6= 0; y0 6= 0 and z0 6= 0.
3.3.2. The second class
It is also possible to consider the cyclic group discussed in Section 3.3.1 starting
from the xed polar line L skew to Q. The planes through L in PG(3; q) partition Q
into q− 1 conics, or equivalently ellipses in the corresponding ane planes with L as
line at innity, and in the two points r1 and r2.
The (q2−1)-cap Qnfr1; r2g will now be embedded into a class of (qn−1)(q+1)-caps
in PG(2n+ 1; q); n odd, consisting of qn − 1 conics in planes through a xed line L.
For this reason, describe PG(2n + 1; q) = Fqn  Fqn  Fq2 (mod Fq). Then a point is a
3-tuple (x; y; z)2 (FqnFqnFq2 ). The hyperplanes are [u; v; w]=f(x; y; z)2 (FqnFqn
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Fq2 ) (mod Fq)kTrFqn =Fq(ux+vy)+TrFq2 =Fq(wz)=0g, with u; v2 Fqn ; w2 Fq2 ; (u; v; w) 6=
(0; 0; 0), and with [u1; v1; w1] = [u2; v2; w2] if and only if (u2; v2; w2) = (u1; v1; w1);
2 Fq .
The line L :X = Y = 0 will be the line stabilized by the cyclic group. The
(2n− 1)-dimensional polar space of L with respect to the quadrics will be  : Z = 0
intersecting the quadrics in hyperbolic quadrics described in Lemma 7(3).
Lemma 11 (Cossidente and Storme [3, Lemma 4.9]). The set Qa;b = f(x; y; z)2
(Fqn  Fqn  Fq2 ) (mod Fq)kTrFqn =Fq(axy) + bzq+1 = 0g; with a2 Fqn ; b2 Fq; (a; b) 6=
(0; 0); is:
(1) a non-singular elliptic quadric if a; b 6= 0;
(2) the space Z = 0 when a= 0;
(3) a quadratic cone with vertex the line X =Y =0 and with base the non-singular
hyperbolic quadric Qa = f(x; y)2 Fqn  Fqn (mod Fq)kTrFqn =Fq(axy) = 0g in Z = 0 when
b= 0.
Theorem 12. For n odd; let Qa1 ;b1 ; : : : ; Qan;bn be n linearly independent quadrics so
that not all bi are zero; and so that the quadric Q0;1 is not linearly dependent on
Qa1 ;b1 ; : : : ; Qan;bn .
Then these quadrics intersect in X = Z = 0; Y = Z = 0; and in a cyclic
(qn − 1)(q + 1)-cap if q is even; and in a (qn − 1)(q + 1)-cap which is the union
of two disjoint cyclic ((qn − 1)(q+ 1)=2)-caps if q is odd; q> 3.
Proof. To prove this theorem, the arguments of the proof of Theorem 10 can be
used.
First of all, j linearly independent quadrics Qai;bi , with not all bi zero, and with
Q0;1 not linearly dependent on these quadrics, intersect in (qn+2−j +1)(qn− 1)=(q− 1)
points.
To describe the cyclic group, let  be a primitive element of Fqn and 2 Fq2 a
primitive (q+ 1)-th root of unity. The mapping  : (x; y; z) 7! (x; y=; z) is of order
(qn − 1)(q+ 1)=gcd(q− 1; 2). The group hi xes all quadrics Qa;b, and the orbits of
the points (x; y; 1); x; y 6= 0, all are caps.
We show that the orbit of (1; 1; 1) under this group is a ((qn − 1)(q + 1)=
gcd(q − 1; 2))-cap. Assume that (1; 1; 1); (i; 1=i; i); (j; 1= j;  j) are collinear.
Then there exist x; y2 Fq such that 1 + ix = yj; 1 + x=i = y=j, and such that
1 + xi = yj.
Multiplying the rst two equations gives 1 + (i + 1=i)x+ x2 = y2 and this implies
i + 1=i 2 Fq; so i 2 Fq2 . But since n is odd, necessarily i 2 Fq.
So i = i0(qn − 1)=(q − 1). Now (qn−1)=(q−1) =  since q+1 = 1. Hence with
(q
n−1)=(q−1) = , we need to consider the three points (1; 1; 1); (i
0
; 1=i
0
; i
0
);
(j
0
; 1=j
0
;  j
0
); j = j0(qn − 1)=(q − 1), and we can do the complete reasoning in Fq2 ;
equivalently n= 1.
These points all lie on aXY − aZq+1 = 0 which is an elliptic quadric in PG(3; q).
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So no three of them can be collinear. For q even, it is now clear that the orbit of
(1; 1; 1) is a (qn−1)(q+1)-cap. For q odd, q> 3, the intersection of the n quadrics is
the disjoint union of X =Z=0; Y =Z=0, and of two cyclic ((qn−1)(q+1)=2)-caps. If
three points of these two caps would be collinear, then the line passing through these
three points would be contained in the intersection. Hence this line would contain at
least three points of one of these caps. This is false.
So also for q odd, q> 3, the intersection contains a (qn − 1)(q+ 1)-cap.
3.4. Generalizing a cap by Glynn
In [6], Glynn constructed a cyclic (q2 + 1)(q + 1)-cap in PG(5; q) which is the
intersection of two hyperbolic quadrics.
To construct these caps, Glynn started with a cyclic Singer group G in PG(3; q).
Considering an orbit of a line, of size q3 +q2 +q+1, under G, he proved that no three
concurrent lines of this orbit can be coplanar. Using the Klein correspondence [8], the
q3 + q2 + q + 1 Plucker coordinates of the lines in the orbit dene q3 + q2 + q + 1
points on the Klein quadric H in PG(5; q), no three of which are collinear. Hence,
these constitute a (q3 + q2 + q+1)-cap. This cap has the additional properties of being
the intersection of two hyperbolic quadrics, and of being stabilized by a cyclic group
xing one line L external to the Klein quadric, and xing one elliptic quadric E3;q on
H in a 3-dimensional space  skew to L.
Since, in Lemma 4, the elliptic quadric is embedded into the innite class of
(qn + 1)-caps in PG(2n − 1; q); n even, it is now possible to embed this cap by
Glynn into an innite class of cyclic (qn + 1)(q + 1)-caps in PG(2n + 1; q); n even,
which are the intersection of hyperbolic quadrics.
Let PG(2n + 1; q) = Fq2n  Fq2 (mod Fq). Then a point is a 2-tuple (x; y)2
(Fq2n  Fq2 ). The line L :X = 0 will be the line stabilized by the cyclic group.
The (2n−1)-dimensional polar space of L with respect to the quadrics will be  : Y=0
intersecting the quadrics in elliptic quadrics described in Lemma 4. The hyperplanes are
[u; v]=f(x; y)2 (Fq2nFq2 ) (mod Fq)kTrFq2n =Fq(ux)+TrFq2 =Fq(vy)=0g, with u2 Fq2n ; v2
Fq2 ; (u; v) 6= (0; 0), and with [u1; v1] = [u2; v2] if and only if (u2; v2) = (u1; v1);  2 Fq .
Lemma 13 (Cossidente and Storme [3, Lemma 4.3]). The set Qa;b = f(x; y)2
(Fq2n  Fq2 ) (mod Fq)kTrFqn =Fq(axq
n+1) + byq+1 = 0g; with a2 Fqn ; b2 Fq; (a; b) 6=
(0; 0); is:
(1) a non-singular hyperbolic quadric if a; b 6= 0;
(2) the space Y = 0 when a= 0;
(3) a quadratic cone with vertex the line L : X =0 and with base the non-singular
elliptic quadric Qa = f(x)2 Fq2n (mod Fq)kTrFqn =Fq(axq
n+1) = 0g in Y = 0 when b= 0.
Theorem 14. Let Qa1 ;b1 ; : : : ; Qan;bn be n linearly independent quadrics so that not all
bi are zero; and so that the quadric Q0;1 is not linearly dependent on Qa1 ;b1 ; : : : ; Qan;bn .
Then these quadrics intersect in a cyclic (qn + 1)(q+ 1)-cap if n is even.
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Proof. Let Qa1 ;b1 ; : : : ; Qai;bi be i linearly independent hyperbolic quadrics such that Q0;1
is not linearly dependent on these quadrics, and such that not all bi are zero. Then
jTij=1 Qaj;bj j= (qn + 1) (qn+2−i − 1)=(q− 1).
Hence, for i = n, the intersection consists of (qn + 1)(q+ 1) points.
The intersection is xed by  : (x; y) 7! (x; y) where  = !(qn−1)=(q−1);
 = !(q
2n−1)=(q2−1), with ! a primitive element of Fq2n , which is a transformation of
order (qn + 1)(q+ 1) when n is even.
Since the elements a1; : : : ; an dene a basis of Fqn over Fq, for a point (x; y) ofTn
i=1 Qai;bi , necessarily y 6= 0 [2, Theorem 3:6]. Also x 6= 0 since not all bi are zero.
For n even, the orbit of a point (x; y); x; y 6= 0, always is a cyclic (qn+1)(q+1)-cap.
For assume that the points (1; 1); (i; i); (j; j) are collinear. Since n is even, the set
f(i)ki=0; : : : ; qng denes a cyclic (qn+1)-cap in PG(2n− 1; q) (Theorem 4), and so
necessarily i = i0(qn + 1); j = j0(qn + 1).
This means that the points are (1; 1); (i
0(q+1); i
0(qn+1))  (1; i0(qn−q)) and
(j
0(q+1);  j
0(qn+1))  (1;  j0(qn−q)).
Now i
0(qn−q) =i
0q(q−1). For  a primitive element of Fq2 , the elements X =i
0q(q−1)
satisfy X q+1 = 1 and this denes an ellipse in the ane plane AG(2; q) = Fq2 . So no
three points of the orbit of (1; 1) can be collinear.
4. Caps by Ebert and Kestenband in PG(2n; q2)
4.1. Introduction
In Section 3, dierent classes of cyclic caps which are the intersection of quadrics
were discussed. Also, an innite class of caps, intersections of Hermitian varieties, is
known.
In 1980, Kestenband [12] constructed (q2n+1 + 1)=(q+ 1)-caps in PG(2n; q2) which
are the intersection of Hermitian varieties. Five years later, Ebert [4] constructed cyclic
(q2n+1 + 1)=(q+ 1)-caps which are the orbits of subgroups of cyclic Singer groups in
PG(2n; q2).
In 1986, Boros and Sz}onyi [1] proved that for n=1, the two constructions yield the
same caps, while in 1995, Cossidente and Storme [2] proved that the caps by Ebert are
the intersection of Hermitian varieties. Hence, the caps by Ebert are of Kestenband-type.
By using a result on self-dual normal bases [11,13], the nal link is presented. The
caps by Kestenband are orbits of subgroups of cyclic Singer groups. To prove this,
we follow the arguments by Boros and Sz}onyi [1]. The main problem is to nd a link
between the two dierent methods used by Ebert and Kestenband. For this reason, we
start by describing the two methods.
Kestenband [12] considers a (2n+ 1) (2n+ 1) Hermitian matrix H over Fq2 with
a primitive characteristic polynomial, dened over Fq. He then considers the set of
Hermitian varieties =f x tHi x (q) =0ki=0; : : : ; (q2n+1−q)=(q−1); x2PG(2n; q2)g and
proves:
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Theorem 15. Any 2n linearly independent Hermitian varieties of  intersect in a
(q2n+1 + 1)=(q+ 1)-cap of PG(2n; q2) and any two such distinct caps are disjoint.
To construct the caps, Ebert represents PG(2n; q2) by Fq4n+2 (mod Fq2 ). So the points
of PG(2n; q2) are the non-zero elements of Fq4n+2 and two elements x and y of Fq4n+2
dene the same point of PG(2n; q2) if and only if x=y2 Fq2 . The point of PG(2n; q2)
represented by x2 Fq4n+2 is denoted by (x).
By Theorem 3, the hyperplanes of PG(2n; q2) are the sets [u]=f(x)2 Fq4n+2 (mod Fq2 )k
TrFq4n+2 =Fq2 (ux)=0g; for u2 Fq4n+2 , where [u]=[w]; u; w2 Fq4n+2 , if and only if u=w2 Fq2 .
A mapping  : (x) 7! (x), with  a primitive element of Fq4n+2 , is a Singer cycle
of PG(2n; q2), that is, a projective transformation acting in one orbit on PG(2n; q2).
Using this description, Ebert [4] proves
Theorem 16. The orbits of size M =(q2n+1 +1)=(q+1); under hi; where =N with
N = (q2n+1 − 1)=(q− 1); are M -caps of PG(2n; q2).
4.2. Equivalence of the two constructions
First of all, the next theorem shows that the caps by Ebert are of the type discussed
by Kestenband.
Theorem 17 (Cossidente and Storme [2]). A M -cap xed by hi is the intersection
of 2n linearly independent Hermitian varieties
Ha = f(x)2PG(2n; q2)kTrFq4n+2 =Fq2 (axq
2n+1+1) = 0g;
with a2 Fq4n+2 ; aq2n+1−1 2 Fq2 .
By now using a self-dual normal basis, it will be shown that the caps by Kestenband
are of the type described by Ebert. The method we apply extends the one by Boros
and Szonyi [1, pp. 265{268] to arbitrary spaces PG(2n; q2).
First of all, construct a self-dual normal basis B of Fq4n+2 over Fq2 [11, Theorem 5:2:1;
13]. This means that B=fd; dq2 ; : : : ; dq4ng for some d2 Fq4n+2 with TrFq4n+2 =Fq2 (dq
2i
dq
2j
)=
ij for i; j = 0; : : : ; 2n.
Construct now the matrix E = (eij); 06i; j62n, with eij = dq
2i+2j
. Then E2 = I2n+1
where I2n+1 is the identity matrix of rank 2n+ 1.
Consider the isomorphism
 : (Fq2 )2n+1 ! P = f(x; xq
2
; : : : ; xq
4n
)kx2 Fq4n+2g via x 7! (E xt)t ;
where x = (x0; : : : ; x2n), which implies an isomorphism between PG(2n; q2) and
P = f(x; xq2 ; : : : ; xq4n)kx2 Fq4n+2 (mod Fq2 )g.
By Jamison [10, pp. 258{259], every linear mapping f of Fq4n+2 is of type
f : Fq4n+2 ! Fq4n+2 : x 7! a0x+ a1xq2 +   + a2nxq2(2n) ; for some ai 2 Fq4n+2 ; i=0; : : : ; 2n.
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So, since the points of P have coordinates (x; xq
2
; : : : ; xq
4n
), a linear mapping on P is
of type
0
BBBB@
x
xq
2
...
xq
4n
1
CCCCA
7!
0
BBBB@
a0 a1    a2n
aq
2
2n a
q2
0    aq
2
2n−1
...
...
. . .
...
aq
4n
1 a
q4n
2    aq
4n
0
1
CCCCA
0
BBBB@
x
xq
2
...
xq
4n
1
CCCCA
:
The isomorphism  can be extended in a natural way to the linear transformations.
Namely, for each linear transformation T of (Fq2 )2n+1, let (T ) = ETE−1 = ETE be
the corresponding linear transformation of P.
Denoting the matrix of the above mentioned mapping on P by [a0; : : : ; a2n],  has
the following properties which are of particular interest to us [1, p. 267].
Lemma 18. (1) The two matrices (T ) and T have the same characteristic polyno-
mial.
(2) If d2 Fq2n+1 ; then T is a Hermitian matrix of GL (2n + 1; q2) if and only if
(T ) = [a0; : : : ; a2n] is a Hermitian matrix of GL (2n+ 1; q4n+2).
Lemma 19. A self-dual normal basis of Fq2n+1 over Fq denes a self-dual normal basis
of Fq4n+2 over Fq2 .
Proof. As gcd(2n+ 1; 2) = 1, for x2 Fq2n+1 , necessarily TrFq2n+1 =Fq(x) = TrFq4n+2 =Fq2 (x).
Theorem 20. The constructions of the (q2n+1+1)=(q+1)-caps in PG(2n; q2) by Ebert
and Kestenband are equivalent.
Proof. The proof follows the reasoning of [1, pp. 265{268].
Consider rst of all a self-dual normal basis B= fd; dq2 ; : : : ; dq4ng of Fq4n+2 over Fq2
with d2 Fq2n+1 (Lemma 19). Let  be the mapping, dened in this section, correspond-
ing to B.
Consider the Hermitian variety H = f x2PG(2n; q2)k xtH x(q) = 0g where H has a
primitive characteristic polynomial, dened over Fq. Applying  on H gives a Hermi-
tian matrix (H) = [a0; : : : ; a2n] (Lemma 18(2)).
Since H and (H) have the same irreducible characteristic polynomial (Lemma 18),
all characteristic roots of (H) are conjugate elements ; q; : : : ; q
2n
of Fq2n+1 over Fq.
If (x0; : : : ; x2n)2 F2n+1q4n+2 is a right-eigenvector of (H) corresponding to the eigenvalue
, then (xq
2
2n; x
q2
0 ; : : : ; x
q2
2n−1); : : : ; (x
q4n
1 ; : : : ; x
q4n
2n ; x
q4n
0 ) are right-eigenvectors of (H) corre-
sponding to the eigenvalues q
2
; : : : ; q
4n
.
Let W = [xq
2n+1
0 ; : : : ; x
q2n+1
2n ]
t. A reasoning similar to [1, p. 268] shows, with W =
W
t
where W is the conjugate of W over Fq2n+1 , that WW = [; 0; : : : ; 0] for some
2 Fq2n+1 . Since 2 Fq2n+1 , =(1=)q2n+1+1 for some 2 Fq4n+2 . Replacing (x0; : : : ; x2n) by
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Table 1
Generator polynomials
(1) (q2n+1 + 1)=(q + 1)-caps g(X ) the minimal polynomial of degree
in PG(2n; q2) 2n + 1 over Fq2 of a primitive
(q2n+1 + 1)(q− 1)-th root of unity.
(2) (qn − 1)-caps in g(X ) = (X − 1)h(X )h(1=X )X n where h
PG(2n; q) is a primitive polynomial of degree n over Fq.
(3) (qn + 1)-caps in g(X ) the minimal polynomial of degree 2n
PG(2n− 1; q), n even over Fq of a primitive (qn + 1)(q− 1)-th root
 of unity.
(4) (qn + 1)-caps in g(X ) = (X − 1)g(X ) with g(X ) the minimal
PG(2n; q) polynomial of degree 2n over Fq,
of a primitive (qn + 1)-th root of unity.
(5) (qn + 1)(q− 1)-caps g(X ) = (X − 1)(X − )g1(X ) with g1(X )
in PG(2n + 1; q) as in (3) and with  = q
n+1.
(6) (qn + 1)(q + 1)-caps g(X ) = g1(X )g2(X ) with g1 and g2 the minimal
in PG(2n + 1; q), n even polynomials of degree 2n and two, over Fq,
of  and  (Theorem 14).
(7) (q
n−1)(q+1)
gcd(q−1;2) -caps g(X ) = h(X )X
nh(1=X )g2(X ) with h as in (2)
in PG(2n + 1; q), n odd and with g2 the minimal polynomial of degree two,
over Fq, of a primitive (q + 1)-th root of unity.
(x0; : : : ; x2n) and proceeding as before, gives a new matrix W satisfying
WW = I2n+1.
Since (H) = EHE−1 implies (Hr) = ((H))r , we have W t((Hr))W (q
2n+1) =
[r; 0; : : : ; 0]. So changing the reference system such that x=W y, with y the new coordi-
nate, the Hermitian variety xt(Hr) x(q
2n+1)=0 is mapped onto yt[r; 0; : : : ; 0] y(q
2n+1)=0.
Hence, a point (x; xq
2
; : : : ; xq
4n
) belongs to this Hermitian variety if and only if
(x; xq
2
; : : : ; xq
4n
)[r; 0; : : : ; 0](xq
2n+1
; xq
2n+3
; : : : ; xq
4n+2n+1
)t = TrFq4n+2 =Fq2 (
rxq
2n+1+1)
= 0: (1)
Since  maps linearly independent Hermitian varieties of  with matrices Hi1 ; : : : ; H i2n
onto linearly independent Hermitian varieties Hi1 ; : : : ; Hi2n (Theorem 17),  is an
isomorphism between their intersections which is in the rst case a cap by Kestenband
(Theorem 15) and in the second case a cap by Ebert (Theorem 17).
5. Conclusion
Table 1 summarizes the list of known innite classes of cyclic caps. For each class,
also the generator polynomial of the corresponding pseudo-cyclic code is presented.
We recall that the minimal polynomial over Fq of an element  of Fqn is the smallest
degree monic polynomial g(X )2 Fq[X ] for which g() = 0.
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In Case (3), the generator polynomial for the pseudo-cyclic code C corresponding
with the cyclic (qn+1)-cap in PG(2n−1; q), n even, is the minimal polynomial of de-
gree 2n over Fq of a primitive (qn+1)(q−1)-th root  of unity because in Theorem 4,
such a cap is generated by hi where  is the N =(qn−1)=(q−1)-th power of a cyclic
Singer group hi. Hence hi denes a pseudo-cyclic code with a primitive polynomial
of degree 2n over Fq as generator polynomial and so the generator polynomial of C is
the minimal polynomial of a primitive (q2n − 1)=N = (qn + 1)(q− 1)-th root of unity.
In Case (5), the generator polynomial is g(X )=(X−1)(X−)g1(X ) since in this case
the caps are orbits under the group generated by  : (x; y; z) 7! (x; y; z) (Theorem 10).
Hence (0; 0; 1) = (0; 0; 1) and this denes the factor X − 1, (0; 1; 0) = (0; ; 0) which
denes the factor X − , and (x; 0; 0) = (x; 0; 0), with  as above, and this denes
the factor g1(X ), with g1(X ) dened in (3).
The other generator polynomials are obtained in the same way.
Remark 21. The preceding results show that it is possible to construct cyclic caps
which are the intersection of quadrics in PG(n; q) or of Hermitian varieties in PG(2n; q2).
Hence, only the question remains whether there exist cyclic caps which are the
intersection of Hermitian varieties in odd-dimensional projective spaces.
We will now use elementary abelian groups to construct caps on quadrics.
6. Elementary abelian caps on quadrics
6.1. Elementary abelian q2n-caps in PG(3n; q)
Consider PG(3n; q)= Fqn  Fqn  Fqn  Fq (mod Fq) so that a point is (x0; x1; x2; x3),
2 Fq , (x0; x1; x2; x3)2 (F3qn  Fq) and a hyperplane is [u; v; w; t] = f(x0; x1; x2; x3)k
TrFqn =Fq(ux0 + vx1 + wx2) + tx3 = 0g, with u; v; w2 Fqn ; t 2 Fq, (u; v; w; t) 6= (0; 0; 0; 0).
Lemma 22. Fix a; b2 Fqn so that X 20 + aX0X1 + bX 21 is an irreducible polynomial
over Fqn .
Then the set Q; = f(x0; x1; x2; x3)2 (Fqn  Fqn  Fqn  Fq) (mod Fq)kTrFqn =Fq
((X 20 + aX0X1 + bX
2
1 − X2X3)) + X 23 = 0g; with 2 Fqn ; 2 Fq; (; ) 6= (0; 0); is:
(i) a singular quadric with as vertex a (n− 2)-dimensional subspace and with base
a non-singular elliptic quadric E2n+1;q in a (2n+1)-dimensional subspace PG(2n+1; q)
skew to the vertex when  6= 0;
(ii) the hyperplane X3 = 0; counted with multiplicity two; when = 0.
Proof. To prove this, the arguments of [3] can be used. Since these quadrics are
singular, we briey sketch the proof to make clear the singular space.
We use the characterization result [9, Theorem 22.10.23].
Let (x0; : : : ; x3)2Q;;  6= 0. A line (x0 + y0; : : : ; x3 + y3) intersects Q; in the
points satisfying Tr((x20 + ax0x1 + bx
2
1 − x2x3)) + x23 + [Tr(2x0y0 + a(x0y1 +
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x1y0) + b2x1y1 − (x2y3 + x3y2)) + 2x3y3] + 2(Tr((y20 + ay0y1 + by21 − y2y3)) +
y23) = 0.
Hence this line is a tangent line if and only if the coecient of  is zero, and this is
equivalent to (y0; : : : ; y3)2 [2x0+ax1; ax0+2bx1;−x3;Tr(−x2)+2x3]. The latter
set is a hyperplane unless 2x0 +ax1 =0; ax0 +2bx1 =0; x3 =0;Tr(−x2)+2x3 =0,
and this is equivalent to x0 = x1 = x3 =0;Tr(−x2)=0 since X 2 +aX +b is irreducible
over Fqn .
A point (0; 0; x2; 0) with Tr(−x2) = 0 belongs to Q;. Hence Q; has a
singular space of dimension n − 2. To prove that the base is a non-singular
elliptic quadric, consider f(x0; x1; x02x002 ; x3)kx0; x1 2 Fqn ; x002 2 Fqn xed with
Tr(x002 ) 6= 0; x02; x3 2 Fqg. This intersects Q; in the set of points satisfying
TrFqn =Fq((X
2
0 + aX0X1 + bX
2
1 )) − Tr(x002 )X 02X3 + X 23 = 0 which is a non-singular
elliptic quadric in this (2n+ 1)-dimensional space [3, Lemma 4:3].
Theorem 23. The intersection of n linearly independent quadrics Q1 ;1 ; : : : ; Qn;n ; with
Q0;1 not linearly dependent on Q1 ;1 ; : : : ; Qn;n ; is the disjoint union of an elementary
abelian q2n-cap and the subspace X0 = X1 = X3 = 0.
Proof. The quadrics Q; are xed by the elementary abelian group G of
elements (x0; x1; x2; x3) 7! (x0 + l1x3; x1 + l2x3; (2l1 + al2)x0 + (al1 + 2bl2)x1 + x2 +
(l21 + al1l2 + bl
2
2)x3; x3); l1; l2 2 Fqn .
Using the arguments of [3,12], it is possible to prove that j linearly independent
quadrics Q1 ;1 ; : : : ; Qj;j , with Q0;1 not linearly dependent on these quadrics, intersect
in (q3n+1−j+q2n−j−q2n−1)=(q−1) points. Hence jTni=1 Qi;i j=q2n+(qn−1)=(q−1).
This intersection consists of the (n− 1)-dimensional subspace X0 = X1 = X3 = 0 and
q2n other points.
For such a point (x0; x1; x2; x3), we have x3 6= 0. Namely, if we assume x3 = 0, then
this point satises TrFqn =Fq(i(x
2
0 +ax0x1 +bx
2
1))=0, i=1; : : : ; n. The elements 1; : : : ; n
form a basis of Fqn over Fq since Q0;1 is not linearly dependent on Qi;i ; i = 1; : : : ; n.
Hence x20 + ax0x1 + bx
2
1 =0 and so x0 = x1 =0 since X
2
0 + aX0X1 + bX
2
1 is irreducible
over Fqn . So we do not have one of the remaining q2n points.
One then shows the q2n other points form an orbit under G, of size q2n, of a point
(x0; x1; x2; 1). This latter orbit is a q2n-cap.
6.2. A cap in PG(3n+ 1; q)
We now generalize [17, Proposition II]. Let PG(3n + 1; q)= Fqn  Fqn  Fqn 
Fq  Fq (mod Fq) so that a point is (x0; : : : ; x4) with 2 Fq ; x3; x4 2 Fq, x0; x1; x2 2 Fqn ,
(x0; : : : ; x4) 6= (0; : : : ; 0) and a hyperplane is [u; v; w; t; s] = f(x0; : : : ; x4)kTrFqn =Fq(ux0 +
vx1 + wx2) + tx3 + sx4 = 0g, with u; v; w2 Fqn , t; s2 Fq, (u; v; w; t; s) 6= (0; : : : ; 0).
Lemma 24. Fix a; b2 Fqn so that X 20 + aX0X1 + bX 21 is an irreducible polynomial
over Fqn .
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Then the set Q;;; = f(x0; x1; x2; x3; x4)2 (Fqn  Fqn  Fqn  Fq  Fq) (mod Fq)k
TrFqn =Fq((X
2
0 +aX0X1+bX
2
1−X2X3))+X 23 +X3X4+X 24 =0g; with ; ; 2 Fq; (; ; ) 6=
(0; 0; 0); is:
(i) a singular quadric with a (n− 1)-dimensional vertex and a non-singular elliptic
quadric E2n+1;q in a (2n+ 1)-dimensional subspace skew to the vertex as base when
= 0 and  6= 0;
(ii) a singular quadric with a (n−2)-dimensional vertex and a non-singular parabolic
quadric P2n+2;q in a (2n+ 2)-dimensional subspace skew to the vertex as base when
 6= 0 and  6= 0;
(iii) the union of two distinct hyperplanes; one hyperplane with multiplicity two;
or the subspace X3 = X4 = 0 when  = 0 and X 23 + X3X4 + X
2
4 is respectively the
union of two distinct factors over Fq; a square; or irreducible over Fq.
Proof. This is proved by using an argument similar to the proof of Lemma 22.
We now consider a (n + 1)-dimensional vector space V of quadrics generated by
quadrics Qi;i ;i ;i , i = 1; : : : ; n+ 1, satisfying the following conditions:
(a) f1; : : : ; ng is a basis of Fqn over Fq;
(b) V contains a quadric Q0;;; which is the union of two distinct hyperplanes, with
 6= 0.
Theorem 25. The quadrics of V intersect in the subspace X0 = X1 = X3 = X4 = 0 and
in a 2q2n-cap.
Proof. This cap consists of two disjoint q2n-caps of Theorem 23 in the two hyperplanes
dened by the linear factors of Q0;;;.
6.3. An elementary abelian q2n+1-cap in PG(3n+ 2; q)
Let PG(3n + 2; q)= Fqn  Fqn  Fqn  Fq  Fq  Fq (mod Fq) so that the points are
(x0; : : : ; x5), 2 Fq , x0; x1; x2 2 Fqn , x3; x4; x5 2 Fq, (x0; : : : ; x5) 6= (0; : : : ; 0) and the hy-
perplanes are [u0; : : : ; u5]=f(x0; : : : ; x5)kTrFqn =Fq(u0x0+  +u2x2)+u3x3+  +u5x5=0g
with u0; u1; u2 2 Fqn , u3; u4; u5 2 Fq, (u0; : : : ; u5) 6= (0; : : : ; 0).
Fix a; b2 Fqn so that X 20 + aX0X1 + bX 21 is an irreducible polynomial over Fqn .
Consider the set of quadrics Q;; = f(x0; : : : ; x5)2 (Fqn  Fqn  Fqn  Fq  Fq 
Fq) (mod Fq)kTrFqn =Fq((X 20 + aX0X1 + bX 21 − X2X3)) + X 23 + (X 24 − X3X5) = 0g, with
2 Fqn ; ; 2 Fq, (; ; ) 6= (0; 0; 0).
Lemma 26. For  6= 0; Q;; is:
(i) a singular quadric with a (n−1)-dimensional vertex and with base a non-singular
quadric P2n+2;q in a (2n+ 2)-dimensional subspace skew to the vertex when  6= 0;
(ii) a singular quadric with a n-dimensional vertex and with base a non-singular
elliptic quadric E2n+1;q in a (2n + 1)-dimensional subspace skew to the vertex when
= 0.
A. Cossidente, L. Storme /Discrete Mathematics 208/209 (1999) 139{156 155
For  = 0; Q0;;0 is the hyperplane X3 = 0 counted with multiplicity two and
Q0;;;  6= 0; is a cone with vertex X3 = X4 = X5 = 0; and with base the conic
X 23 + (X
2
4 − X3X5) = 0 in X0 = X1 = X2 = 0.
Proof. This again is proved by using the arguments of the proof of Lemma 22.
Theorem 27. Let V be a (n+1)-dimensional vector space of quadrics; with Q0;1;0 =2 V .
Then the quadrics of V intersect in the subspace X0 = X1 = X3 = X4 = 0 and in an
elementary abelian q2n+1-cap.
Proof. Here the arguments of the previous results can be copied. The intersection of j
linearly independent quadrics Qi;i ;i , where 1 = 0, 2; : : : ; j are linearly independent
over Fq, not all i are zero, and where Q0;1;0 is not linearly dependent on these quadrics,
contains (q3n+3−j−q2n+1+q2n+2−j−1)=(q−1) points. So for j=n+1, the intersection
contains q2n+1 + (qn+1 − 1)=(q− 1) points.
The cap is an orbit of a point (x0; x1; x2; 1; x4; x5) under the elementary abelian group
of transformations (x0; : : : ; x5) 7! (x0 + l1x3; x1 + l2x3; (2l1 + al2)x0 + (al1 + 2bl2)x1 +
x2 + (l21 + al1l2 + bl
2
2)x3; x3; t2x3 + x4; t
2
2x3 + 2t2x4 + x5); with l1; l2 2 Fqn ; t2 2 Fq, which
xes all quadrics Q;;.
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